We demonstrate the bounding of the effective properties of random multiscale microstructures by means of essential and natural boundary conditions. The proposed method involves moderate sized lattices, not modified in the boundary zone, thereby allowing much faster calculations than the method of periodic boundary conditions. In case of a random two-phase lattice, scaling laws have been found for a wide range of contrasts. In the case of a disk-inclusion composite having circular inclusions with graded interphases, the presence of a graded interphase dramatically changes the effective conductivity compared to that of a composite with perfect interfaces. ͓S0163-1829͑96͒01122-8͔
I. INTRODUCTION
The past decade has seen a great activity in physics of heterogeneous systems. More specifically, much attention has been focused on problems involving conductivity and elasticity of two-and multiphase materials. While various rigorous analytical results and effective-medium theories have been developed for simple ͑periodic͒ microstructures, 1-4 computer simulations proved to be a valuable complement to the theoretical studies of composites in case of more materials. One example of the latter is a functionally graded material ͑FGM͒, that is, a material having a graded multiscale microstructure.
In this paper we adapt a method of two scale-dependent bounds to problems in thermal conductivity, and demonstrate its power and advantages on random media problems. In Sec. II, following an approach being developed in mechanics of heterogeneous solids, 5, 6 we show that the effective conductivity on infinite length scales can be bounded with the help of the essential ͑Dirichlet͒ and natural ͑Neumann͒ boundary conditions. This methodology is illustrated in Sec. III in the context of two two-dimensional ͑2D͒ problems: ͑i͒ a twophase random chessboard at 50% volume fraction for a range of contrasts from 1 through 10 4 , and ͑ii͒ a composite material with perfect circular inclusions. Finite-size scaling is analyzed extensively in the first case.
Section IV discusses the main problem of this paper: thermal conductivity of a matrix-inclusion composite of circular inclusions ͑disks͒ with functionally graded interfaces, e.g., Refs. 7-10. In accordance with the method of two scaledependent bounds, results of numerical calculations on the effective conductivities are presented for a range of contrasts from 1 through 10 4 at various matrix-inclusion volume fractions, where the contrast is defined as the ratio of conductivity of the inclusion phase to the matrix phase. We find that the presence of a rather narrow graded matrix-inclusion interphase dramatically changes the effective conductivity as compared to the one of a composite with perfect inclusions. Scaling laws dependent on the contrast are also derived. Finally, in Sec. V, we develop an effective-medium theory for functionally graded composites, which performs well at low contrasts. Conclusions and recommendations for further work are summarized in Sec. VI.
II. BOUNDING OF EFFECTIVE PROPERTIES BY ESSENTIAL AND NATURAL BOUNDARY CONDITIONS
Let us consider a random microstructure ͑or random medium͒ to be a family Bϭ͕B();⍀͖ of deterministic media B(), where is an indicator of a given realization, and ⍀ is an underlying sample space. Next, we introduce a so-
where L is the window ͑or sample͒ size and d is the size of a heterogeneity, Fig. 1 . The material is a matrix-inclusion composite with thermal conductivity of phases being C (m) and C (d) in the matrix (m) and the disk-inclusion (d) phases, respectively. This microstructure is assumed to have spatially homogeneous statistics ͑invariant with respect to translations͒ and to be ergodic ͑volume averages equal ensemble averages͒. In order to define effective properties we have to consider ␦ values larger than 1, and two types of boundary conditions:
which yield a tensor C ␦ e (e stands for essential boundary conditions͒, where T is the temperature, ٌT is the spatial average temperature gradient, and x ជ is a position vector, and ͑b͒ natural ͑Neumann, ''flux-controlled''͒:
which yield the tensor C ␦ n ϭ(S ␦ n ) Ϫ1 (n stands for natural boundary conditions͒, where q ជ is the heat flux, q ជ is the spatial average heat flux, and n ជ is the outer unit normal to the window's boundary. In the above we employ boldface for a second-rank tensor, and an overbar for a spatial average over the window domain. Note that ␦→ϱ is the conventional continuum limit typically sought in the effective-medium theories, while numerical simulations correspond to some finite ␦.
We observe that C ␦ e is, in general, different from C ␦ n as it provides an upper estimate on the effective thermal conductivity of the given specimen, while the latter represents a lower estimate. In fact, it can be shown 5, 6, 11 ͑see also the Appendix͒ from the variational principles, that the effective macroscopic conductivity tensor C eff is bounded by two tensors ͗C ␦ e ͘ and ͗S ␦ n ͘ Ϫ1 , where ͗ ͘ denotes the ensemble averaging, i.e., averaging over the space of all realizations ⍀. In elasticity problems one uses the principles of minimum potential energy and complementary energy. Both ensemble averages bound the effective conductivity the more the scale ␦ approaches its continuum limit ␦→ϱ. Thus, a hierarchy of ␦-dependent bounds on C eff can be derived
In ͑4͒ C V and C R denote the ͑elementary͒ Voigt and Reuss bounds, 1 corresponding to windows at the smallest scale (␦ϭ1). In other words, the effective response depends on the boundary conditions, and the influence of the latter disappears as the sample becomes infinite. The order relation employed in ͑4͒ is to be understood as follows: for two second-rank tensors A and B, the order relation BрA means
In the special case of the microstructure being characterized by isotropic statistics, C eff is isotropic, i.e., C eff ϭIC eff where I is the identity tensor.
Another method of calculating effective properties typically used in solid-state physics, is based on the concept of a periodic window ͑with a heterogeneous microstructure of periodicity L or, equivalently, ␦), i.e., periodic boundary con-
Here L ជ ϭLe ជ , where e ជ is the unit vector. , is isotropic for a microstructure of spacehomogeneous and isotropic statistics. However, the method based on periodic boundary conditions has some major drawbacks compared to the one based on bounding the effective conductivity by essential and natural boundary conditions: ͑i͒ It modifies the actual microstructure to ensure its geometric periodicity; ͑ii͒ it yields only one estimate on C eff , i.e., ͗C ␦ per ͘, and thus, in order to compensate for the scale ͑i.e., ␦) dependence, it requires much larger lattices than those employed by the method proposed here; ͑iii͒ in cases of material instabilities ͑such as fracture propagation, or shear band formation͒ it restricts the range of possible response modes to the spatially periodic ones only.
A calculation involving both types of boundary conditions avoids unnaturally modifying the material ͑as it needs to be done using the periodic boundary conditions͒, while at the same time providing two rigorous bounds on C eff for whatever ␦. The choice of ␦ corresponds directly to the amount of computational effort involved, so that, the more extensive the computational time and effort, the closer are the bounds on C eff . It will be illustrated in the next section, however, that the method based on bounding by essential and natural boundary conditions already results in very close bounds at relatively small windows.
In order to solve the field equations of a two-phase composite we employ a finite difference scheme. The idea is to approximate the planar continuum by a very fine mesh. In the following, we shall assume that a square mesh for discretization of the temperature field T is used. The governing equations are thus
͑6͒
Here i and j are the coordinates of mesh points, and k r , k l , k u and k d are defined from the series spring model
where C(i, j) is the property at a point i, j.
III. A RANDOM TWO-PHASE LATTICE AND A DISK-MATRIX COMPOSITE
Numerical examples of calculation of bounds ͑4͒ are given for the elasticity problems in Ref. 6 , and for the conductivity problems in Ref. 12 ; the latter reference also gives second-order as well as two-point statistics of both scaledependent tensors. In order to illustrate the connection to the classical bounding methods in physics of random media, we study two systems here: ͑i͒ a random two-phase lattice, and ͑ii͒ a composite with disk inclusions. The first problem is possibly the simplest setting in which to calculate the hierarchy of bounds for a large range of length scales. It is worthwhile to mention that the random lattice has a continuum counterpart in a random two-phase chessboard, which for a 50% volume fraction of both phases has been solved explicitly in Refs. 13 and 14 with the result
In ͑8͒ C 1 and C 2 are the respective conductivities of two phases. Other volume fractions have been studied recently in Ref. 15 . The conductivity of a random chessboard is thus a good classical problem on which to test and illustrate our method.
In 
where f 1 and f 2 stand for the volume fraction of either phase. From Figs. 2-4 an improvement in bounds with increasing ␦ may be observed, which leads, already at ␦ϭ4, to estimates comparable, or better, than the Hashin bounds. All the presented plots were obtained from numerical calculations involving one node of a latter per one board of the chessboard. This is, of course, a crude approximation with respect to the singularity problem at the corners and, therefore, does not represent a piecewise continuum system for which the Hashin bounds and ͑8͒ are correct. Consequently, the effective conductivities in our two-phase lattices are lowered, i.e., increasing the number of nodes per board, would lead to an increase of these conductivities, and to a slight asymptotic raising of the ͗C ␦ e ͘ and ͗S ␦ n ͘ Ϫ1 values towards those calculated by the continuum theories. It is possible to account for the corner points by using specialized numerical methods, but an adaptation of such a technique to a large domain involving many corners, in order to grasp the scale effects, would be a formidable task. This is a separate issue that we do not pursue here. .
͑11͒
Note that the limits of ␣→1 and ␣→ϱ are correctly recovered here. In the first case ͗C ␦ e ͘→͗S ␦ n ͘ Ϫ1 →C 1 ϭC 2 , while in the second case C 1 is the limit. Based on some calculations of random disk composites and random polygon mosaics, which we have investigated so far, we conjecture that these are universal relations for finite-size scaling of both bounds in two-phase random systems.
Considering the case ␣→ϱ leads one to ask about the performance of both bounds at the percolation transition for our ''site problem.'' It is known ͑e.g., Ref. 16͒ that the latter occurs at the volume fraction ϳ59.23%, and thus we performed calculations just below, right at, and just above this volume fraction. We have found that both bounds correctly display the percolation transition that is accompanied, as one might expect, by strong fluctuations which decrease with increasing ␦. Note that, because we use one lattice node per square, we truly deal with a site problem on a random lattice rather than a continuum problem on a random chessboard.
Turning now to the disk-matrix composite, in Fig. 5 we present a comparison of the ␦-dependent bounds ͑4͒ with the classical Voigt C V , Reuss C R , as well as the upper and lower Hashin bounds C u H ,C l H . This figure depicts the ␦-dependent upper and lower bounds on the effective conductivity tensor of windows B() for ␦ϭ4,10,20 as a function of the volume fraction of disks when C 1 ϭ5.0 and C 2 ϭ0.5. In order to avoid the problem of narrow necks forming between neighboring inclusions, a minimum spacing of inclusions' centers equal to 1.4 of their diameter has been enforced. With this restriction an upper volume fraction of about 30% can be reached, and thus we terminate all the plots in Fig. 5 at this value. The classical Voigt, Reuss, as well as the upper and lower Hashin bounds calculated according to ͑9͒ are also shown. It is well known 17 that the lower ͑upper͒ Hashin bound corresponds to a system of disks of higher ͑lower͒ conductivity than that of the matrix, and thus the upper and lower bounds converge to the C l H bound as ␦ increases. However, one would need a window of infinite size (␦→ϱ) to actually obtain this homogenization limit.
IV. FUNCTIONALLY GRADED COMPOSITES
Interfaces in heterogeneous materials influence their local fields and effective properties. 7, 8 Theoretical studies in this area represent the interface as either a well-defined bounding surface between two phases ͑inclusion disks and matrix͒, or as a diffuse region of random interpenetration of these two phases having a certain microstructure, which is called an interphase. 9 Thus, in the case of a two-dimensional diskmatrix composite, the interface is either a well-defined circle where the properties change discontinuously, or a twodimensional ring-shaped interphase, see Fig. 6 . In this paper we focus on the thermal conductivity of such a system. Note that by virtue of mathematical analogies, the problem is equivalent to the problem of the effective transverse conductivity of a unidirectional composite material, the effective shear modulus of such a material, and several other problems in transport theories. Relevant examples, where the diffuse zone is of a non-negligible size, are interphases in carbonfiber epoxy composites and in ceramics.
In the following, the disk-matrix interphase is taken as a finite thickness zone of two randomly mixed phases of disk and matrix material. We assume that the matrix ͑1͒ and the disk ͑2͒ phases are locally homogeneous and isotropic, that is, they are described by two constant isotropic conductivities C 1 and C 2 . Contrast is defined by C 2 /C 1 .
In such a composite we find three different length scales: ͑i͒ the fine structure of the interphase region, ͑ii͒ the size and spacing of functionally graded inclusions, and ͑iii͒ the macroscopic dimension of the composite. Spatial randomness on the first two of these precludes any rigorous analytical solution of the problem.
The random mixture of two types of phases ͑matrix, 1; disk, 2͒ in the interphase is represented by a random distribution of two phases which is described by an indicator function:
where V s is the domain occupied by a phase sϭ1 or 2, respectively; ⍀ is the sample space, or space of all possible realizations; and is one realization of an interphase. The indicator function is characterized in terms of the probability distribution P͕(r)͖ where r is the radius of a disk inclusion in its local polar coordinate system. For a functionally graded interphase we assume P͕(r)͖ to be axisymmetric and linear, P͕͑r ͒ϭ1͖ϭArϩB, ͑13͒
where A and B are determined by the conditions
P͕͑a ͒ϭ1͖ϭ1 and P͕͑b ͒ϭ1͖ϭ0, ͑14͒
in which a is the disk radius ͑i.e., the inner radius of the interphase͒, and b is the outer radius of interphase. Since the disk and the matrix phases are both taken as locally isotropic, Eqs. ͑12͒ and ͑13͒ are consistent with the statement that the conductivity C equals IC 2 at rрa, and IC 1 at rуb. In order to calculate the effective conductivity tensor C eff of such a composite, an appropriate computational method is required. To that end we consider a window whose mesh domain is discretized with a 1000ϫ1000 finite difference mesh, where every mesh node represents a micrograin of the composite. In this example the inner and outer radii of inclusions are aϭ50 and bϭ60, respectively, with the inclusions' centers being not closer than 120 units apart; the heterogeneities in the interphase are of size 1 ͑i.e., the single micrograin size͒. Thus, a calculation of ␦ based on the inner ͑outer͒ diameter of inclusions gives ␦ϭ10 ͑8.333, respectively͒, while a calculation based on the size of interphase heterogeneities gives ␦ϭ1000. The volume fraction of the inclusion phase (C 2 ) in Fig. 6 equals 47 .2%.
The actual computation of a boundary value problem on a 1000ϫ1000 finite difference mesh involves the solution of a linear algebraic problem with 10 6 degrees of freedom, which is solved by a standard linear algebra package. 18 In Fig. 7 we present six bounds on the effective conductivity C eff of the composite of Fig. 1 for a range of contrast from 1 through 10 4 . As expected, the Voigt and Reuss bounds become very wide with the increasing contrast, and the Hashin bounds perform only slightly better. On the other hand, the bounds obtained from the essential and natural boundary conditions are very close, even at contrast 10 4 , as compared to the performance of the Hashin bounds. This is especially remarkable in view of the fact that a window only ten times larger than the disk size has been employed. Interestingly, the use of a window only three times larger would result in bounds very comparable to those of Hashin, indicating how fast the present method converges with an increasing ␦.
From the log-log diagram in Fig. 7 it can be seen that C e ϭIC e shows a scaling with the contrast, i.e., C e ϭ(C 2 /C 1 ) 0.7
. On the other hand, C n ϭIC n scales with nearly the same exponent up to 10 3 , and for higher contrasts a different dependency is observed.
Another major conclusion concerns the effect of the presence of an interphase on C eff of a functionally graded composite as compared to the case of perfect inclusions. Note that the case of perfect disks falls exactly on the lower Hashin bound. Thus, we see that small fuzziness, i.e., a fuzzy inclusion with a ring of thickness 20% of the disk radius a dramatically increases C eff as compared to the perfect disks case. The reason for this is that fuzzy zones tend to interconnect the inclusion phase through the composite, although no percolation takes place at the volume fractions studied here.
V. EFFECTIVE-MEDIUM THEORY FOR A FUNCTIONALLY GRADED COMPOSITE
A natural way to establish an effective medium theory for a graded composite is to use the composite cylinder assemblage ͑CCA͒ model of Hashin and Rosen. 19, 20 In this model the unidirectional composite is represented as a set of composite cylinders which completely fill the space. Each composite cylinder consists of a cylindrical fiber ͑i.e., a disk in the transverse conductivity problem͒ enclosed in two concentric cylinders, the inner one representing the interphase and the outer one the matrix. Furthermore, each composite cylinder has a similar geometry such that a/b and a/c are constant, where a, b, and c are the radius of the fiber, the outside radius of the interphase, and the outside radius of the matrix ͑and the composite cylinder͒, respectively. 21 When calculating the effective conductivity of the composite we can apply, in principle, either essential or natural boundary conditions, but for the composite cylinder assemblage model both will yield identical results. In this presentation we choose to apply a uniform temperature gradient field ٌTϭ(T ,1 ,0) such that on the boundary of the composite we have T͉ rϭc ϭT ,1 c cos.
͑15͒ The governing equation for our problem is the heat equation which for case of no coupling between mechanical and thermal fields and steady-state condition is
for two homogeneous and isotropic regions of disk and matrix, and
in the inhomogeneous interphase. While the properties of fiber and matrix are constant, those of the interphase are assumed to be of the form
where A and Q are found from two end conditions:
and C (m) at rϭa and rϭb, respectively. The distribution ͑18͒ is the only type of a function that allows a closed-form solution of the set of governing equations, see Eq. ͑22͒ below. It has been found to very well approximate the actual graded microstructure of the interphase. 9 Equation ͑16͒ is the Laplace's equation which yields the temperature fields in the fiber as
and in the matrix as
for the interphase region takes the following form in polar coordinates:
The general solution is
Finally, we evaluate the five unknown constants
by using the boundary conditions
This permits to calculate the effective conductivity C eff by equating the flux on the boundary of our composite cylinder q (m) (c) with the flux in the equivalent homogeneous cylinder having the effective properties
which yields
It is found that the above model predicts effective-medium properties well for low contrasts only; this is investigated in detail in Ref. 22 . For C 2 /C 1 greater than 10, C eff tends to be underestimated as is shown in Fig. 7 . The reason for this lies in the inability of the composite cylinder model to grasp the connectivity effects between all the disks with graded interphases in the composite medium, that lead to a dramatic change in C eff with respect to the perfect disk composite. Four other effective-medium methods could be developed for this type of a composite with functionally graded interphases: ͑a͒ a generalized self-consistent method ͑three phase model͒ ͑see references in Ref. 20͒, ͑b͒ a Mori-Tanaka model ͑see references in Refs. 4 and 20͒, ͑c͒ a differential scheme, 23 ͑d͒ a self-consistent model ͑see references in Refs. 4 and 20͒. Methods ͑a͒ and ͑b͒ would result in the same solution as the CCA. On the other hand, ͑c͒ and ͑d͒ would result in coupled differential equations requiring a quite extensive analysis. Also, such methods are known to be questionable and possibly invalid at high contrasts.
VI. CONCLUSIONS
We have shown that the method of essential and natural boundary conditions leads to a very practical procedure of bounding the effective conductivity of randomheterogeneous media. For any choice of a length scale two boundary value problems need to be solved that always result in rigorous bounds on C eff . The resulting hierarchy of bounds shows that with the increasing length scale ever more accurate bounds can be achieved. The method may be used on small length scales without a need of solving large lattices as is done in case of the periodic boundary conditions. The rapid convergence of both bounds with increasing ␦ has been illustrated on two simple examples: that of a diskmatrix composite for which C eff is know to be given by the lower Hashin bounds, and that of a random two-phase lattice. The latter case served to derive finite-size scaling formulas for both bounds. The formulas are proposed to have a wider, more universal, applicability than just for random lattices.
The rapid convergence of both bounds is especially useful in the problem of a composite with graded interphases. It is observed that boundary value problems on the length scale of just ten times the size of inclusions can be bounded even at very high contrasts, up to 10 3 and 10 4 . Furthermore, we determined that the presence of a narrow graded interphase has a dramatic effect on C eff as compared to the case of perfect disks. In fact, C eff is found to scale as (C 2 /C 1 ) 0.7 over contrasts ranging from 1 through 10 3 . The approach developed in this paper represents new treatments of ͑i͒ transport problems and ͑ii͒ functionally graded materials. In general, a more complete study of ͑ii͒ is required that will consider a larger parameter space, include different types of spatial inhomogeneity, and explore the effects of other material geometries. Finally, it should be noted that the same method can be applied to transport and elasticity problems of a number of other types of multiscale microstructures.
